Convergence of cubic spline interpolation for discontinuous functions are investigated. It is shown that the complete cubic spline interpolation converges to the Heaviside step function in the L p -norm at rate O(h 1=p ) for quasi-uniform meshes when 1 p < 1, and diverges in the L 1 -norm when the uniform meshes are used. No matter how small the mesh size, the complete cubic spline interpolation always oscillates near the discontinuity. Although this oscillation decays exponentially away from the discontinuous point, the maximum overshoot is not decreasing. Especially, we obtain the asymptotic maximum overshoot when the mesh size goes to zero. The knowledge on the Heaviside function is utilized to discuss convergence properties of cubic spline interpolation for functions with isolated discontinuous points.
Introduction
Convergence of spline interpolation for smooth functions have been investigated intensively in the literature. See, for example, 2], 4], 6], and references therein. But we know very little about approximation properties of spline interpolation for functions with discontinuity. It has been observed from numerical computation that the complete cubic spline interpolation oscillates near a discontinuous point and has an overshoot when uniform meshes are used 7, p.122]. Since this behavior is similar to Gibbs' phenomenon in Fourier's series (see, e.g. 3]), it is called Gibbs' phenomenon of splines.
The periodic spline with equal knots spacing that best approximates the square wave function in the norm of L 2 ?1; 1] was investigated in 5] . The overshoot at the discontinuity was found for splines of degree k 8 when the knots number goes to in nity. supported in part by the NSF Grants DMS-9622690, DMS-9626193, and INT-9605050 y supported in part by NASA Grants NAG2-902 and NAG2-899, NSF Grant DMS-9628558 and a grant from Digital Equipment Coorporation Aforementioned periodic splines does not really \interpolate" the function at \knots", rather, it approximates the function in a \Fourier" sense. A more practically interesting problem would be a spline that interpolates the function at knots, the complete spline interpolation. In the current work, we shall analyze convergence of the complete cubic spline interpolation in the L p -norm ( 
The Complete Cubic Spline Interpolation
The construction of the complete cubic spline interpolation can be found in many standard numerical analysis textbooks (cf., e.g. 7]). For the convenience of our analysis, we outline an approach based on the Hermite interpolation.
Given interpolating points a = t 0 < t 1 < < t n = b, and data f i = f(t i ), 0 = f 0 (a), n = f 0 (b), we want to construct a cubic spline s n 2 C 
L p Convergence
We interpolate the step function f(t) = 8 < :
0; ?1 t < 0; 1=2; t = 0; 1; 0 < t 1;
by the complete cubic spline and discuss convergence in the L p -norm (1 p < 1). For simplicity, we use t m = 0 as an interpolating point and assume that the derivative is interpolated exactly at the boundary, i.e., 0 = 0, n = 0:
Since s n interpolates f at all nodal points, we have on (t 0 ; t m ) = (?1; 0): ) is optimal. Indeed, in the case of uniform mesh, we will establish a lower bound for the approximation error in the next section.
Gibbs' phenomenon
In this section, we shall study the Gibbs' phenomenon of the complete cubic spline interpolation for the step function f when the equidistance nodes are used.
Set n = 2m in (2. Proof. We rst show that 1 It is easy to see that 1 6 = 0 yields 1 2 < 0 and j 2 j = 4j 1 j from (4.1). We then deduce from We see that asymptotically, the maximum overshoot is about 4%. which is precisely the error in the maximum norm (it appears in the subinterval (t m?1 ; t m )).
Summing up, we have proved the following theorem. We plot the complete cubic spline interpolation for the step function f with uniform meshes when n = 10; 20; 40; 80 in Figure 1 . It clearly indicates a 4% overshoot.
Convergence for Functions with Isolated Discontinuities
In this section, we discuss spline interpolation for functions with isolated discontinuous points. Let F be such a function, then it can be expressed as
where g 2 C a; b] and f is the step function de ned in Section 3. Clearly, c i is the jump at the discontinuous point t i . Here we take the liberty to de ne the function value at the discontinuity as the average of the limits from two sides. For simplicity, we consider only one discontinuous point which is located at the center of the interval: F(t) = g(t) + cf(t). Again, the interpolating interval is assumed to be ?1; 1], since an arbitrary interval a; b] can be transfered to it by a linear mapping.
Recall the construction of the complete cubic spline interpolation, parameters i , 1 i n ? 1, can be solved uniquely from 0 , n , and f j , 0 i n. Therefore, the spline interpolation (2.1) can be written Recall the interpolation property of the complete cubic spline (cf. The analysis of the last term on the right hand side was discussed in previous sections. Hence, we conclude: For a function with isolated discontinuity, its complete cubic spline interpolation oscillates near the discontinuous points with a maximum overshoot about 4% in the limit h ! 0; in the region away from the discontinuity, the oscillation decays exponentially and the standard interpolation error estimate applys.
It is interesting to know that the B-spline interpolation does not oscillate when the function \jumps".
We provide a brief explanation in the following. For simplicity, we again consider F has one \jump" only.
We make the discontinuous point as a nodal point t k and assume that the nodes are equally spaced. We denote by N j , the normalized B-spline that centered at the node t j , and by B F , the B-spline interpolation of F. Notice ?N k (t)=2 ? N k+1 (t) t k?2 < t < t k N k?1 (t) + N k (t)=2 t k < t < t k+2 0 otherwise: 
